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Abstract

Microbioreactors are widely used in diagnostic and analytical systems, in the chemical in-
dustry, in the cleaning of contaminated fluids, in healthcare products, in the development
of medicines. Microbiological reactors use very small amounts of catalysts and other ma-
terials, which greatly reduces production and analysis costs, shortens the process time,
and makes the systems more compact. The relatively high cost of designing and opti-
mizing new bioprocesses and microbioresactors can be greatly reduced by using mathe-
matical and computer tools that often allow you to look at complicated processes, internal
behavior. In the reporting year, the properties of microbioreactors in closed and open sys-
tems were investigated, a mathematical and computer model was developed [5,6,35,36].
In the coming years, microbioreactors of complex processes will be modeled, and the
model will be validated by experimental data. These scientific results will help to create
microreactors more efficiently at the design stage.

Keywords: reaction-diffusion, Michaelis - Menten kinetics, microbioreactor
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1 Introduction

Batch stirred tank reactors (BSTR) are common in chemical industries [1,8,33]. Although
a stirred tank is a common construction of industrial enzyme reactors, the effectiveness
and optimal construction of RSTR remain open to study [17]. Recently a lot studies inves-
tigated BSTR type systems modeling [37], especelly investigation the effectiveness [10–12]
of bioreactors.

In the last few decades, immobilized enzyme reactor models have evolved signifi-
cantly with wide range of applications in food industry [21], waste cleaning [45], bacteria
cells immobilization [15, 30]. It’s become more usual to use immobilized enzyme porous
microbioreactors as catalyst in BSTR [9, 11]. Similiar approach is also used in continuous
stirred tank reactors (CSTR) [6, 20, 32, 42]. Differently from CSTR is that batch mode is
closed system, so no new substrate appear in reactor at any point in reaction time, so hole
system is more simple.

Mathematical models have been widely used to investigate the kinetic peculiarities of
the enzyme microreactors [28, 42]. Models coupling the enzyme-catalysed reaction with
the diffusion in enzyme microreactors are usually used. Since containing catalytic parti-
cles, the analyte in RSTR is well stirred and set in powerful motion, the mass transport
by diffusion outside the microreactors is usually neglected [29, 34]. In practice, the zero
thickness of the diffusion shell can not be achieved [44]. We consider an array of identical
spherical microreactors placed in a RSTR shown in Figure 1 [20], where area Ωm denotes
a microreactor, Ωd denotes surrounding diffusion shell and Ωc is a convective region.

Unit cellΩc

Ωd

Ωm

. .
. .

. .

. .
. .
. .

.

Figure 1: Batch stirred tank reactor with enzyme-loaded microreactors (pellets) and a
zoomed unit cell to be modelled.

The limiting values of BSTR are simple: reactions reach quazi-steady-state and con-
centrations approach to zero, while transient effectiveness factor approach to limiting val-
ues [11]. However, the time until the quazi-steady-state is reached, or amount of product
is produced in fixed time vary a lot. Dependent on initial conditions in this case whether
microreactors are placed or injected into tank reactor, time might vary by magnitude of
order.

The goal of this work was to investigate the different injection modes influence
on process duration, as well as transient effectiveness factor. System is modeled by
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reaction-diffusion equations, containing a non-linear term related to Michaelis-Menten
kinetics [4, 20, 42]. The computer simulation was carried out using the finite difference
technique [14].

The rest of the paper is organised as follows: in Section 2, the mathematical model
and microbioreactor characteristics are described; Section 3 formulates a dimensionless
model and derives the main parameters of the bioreactor; Section 4 describes the numeri-
cal model and the simulator; in Section 5, results of numerical experiments are presented,
and conclusions close the article.

2 Mathematical model

We consider an array of identical spherical microreactors (MR) placed in a batch ideally
stirred-tank reactor [11, 20]. Assuming a uniform distribution of the microreactors in the
tank and a relatively great distance between adjacent microreactors, the spherical unit
cell was modelled by an enzyme-loaded microreactor (pellet) and a surrounding diffu-
sion shell (the Nernst layer). The principal structure of the tank containing uniformly
distributed microreactors and a unit cell are presented in Figure 1.

In the enzyme-loaded MR layer we consider the enzyme-catalyzed reaction

E + S
kf

GGGGGGBFGGGGGG

kr
ES

kcat
GGGGGGGAE + P, (1)

where the substrate (S) combines reversibly with an enzyme (E) to form a complex (ES).
The complex then dissociates into the product (P) and the enzyme is regenerated [16,25].
The kf , kr and kcat are forward rate, reverse rate and catalytic rate constanst, respectively.

Assuming the steady-state approximation, the concentration of the intermediate
complex (ES) does not change and may be neglected when modelling the biochemical
behaviour of the microreactor [20, 25, 39]. In the resulting scheme, the substrate (S) is
enzymatically converted to the product (P),

S
E−→ P. (2)

2.1 Governing Equations

Assuming the symmetrical spherical geometry of the microbioreactor and homogenised
distribution of the immobilized enzyme inside the porous microreactor, the mathematical
model can be described in one-dimensional domain using the radial distance [3].

Coupling enzymatic reaction in the microreactor (region Ωm) with the one-
dimensional-in-space diffusion, described by Fick’s second law, lead to the following
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governing equations of the reaction-diffusion type (0 < ρ < ρ0):

∂Sm
∂t

= DS,m
1

ρ2
∂

∂ρ

(
ρ2
∂Sm
∂ρ

)
− VmaxSm

KM + Sm
, (3a)

∂Pm
∂t

= DP,m
1

ρ2
∂

∂ρ

(
ρ2
∂Pm
∂ρ

)
+

VmaxSm
KM + Sm

, (3b)

where ρ stands for spherical space, Sm = Sm(ρ, t) and Pm = Pm(ρ, t) are the concentra-
tions of the substrate and the reaction product in the microreactor, respectively, ρ0 is the
radius of the microreactor, DS,m and DP,m are the diffusion coefficients, Vmax = kcatE0 is
the maximal enzymatic rate and KM = (kr + kcat)/kf is the Michaelis constant.

In the Nernst diffusion layer Ωd only the mass transport by diffusion takes place
ρ ∈ (ρ0, ρ1):

∂Sd
∂t

= DS,d
1

ρ2
∂

∂ρ

(
ρ2
∂Sd
∂ρ

)
, (4a)

∂Sd
∂t

= DP,d
1

ρ2
∂

∂ρ

(
ρ2
∂Pd
∂ρ

)
,

where Sd = Sd(ρ, t) and Pd = Pd(ρ, t) are the concentrations of the substrate and the
reaction product in the diffusion shell, respectively, DS,d and DP,d are the diffusion coeffi-
cients of the materials in the bulk solution, ρ1 is the radius of the unit cell. The thickness
of the convective shell ν1 = ρ1 − ρ0 of the diffusion shell depends upon mixing speed in
the buffer solution. The more intense stirring corresponds to the thinner diffusion shell
(greater ν1) [42] [7].

The intensive mixing of the solution and assumption that substrate is uniformly dis-
tributed throughout the outside of the diffusion shell implies that concentration depends
only on time [19]. The rate at which substrate leaves the convective enclosure of volume
4/3πρ32 − 4/3πρ31 is always to be equal to that at which it enters the diffusion shell over
the surface of the area 4πρ21, t > 0,

dSb
dt

=
1

q
DS,b

∂Sd
∂ρ

∣∣∣
ρ1
, (5a)

dPb
dt

=
1

q
DS,b

∂Pd
∂ρ

∣∣∣
ρ1
, (5b)

where Sb = Sb(t), Pb = Pb(t) is the substrate and product concentrations in the bulk,
ρ2 is the radius of bulk, q is the ratio of the volume of the convective enclosure to the area
of the outer surface of the diffusion shell ρ = ρ1:

q =
4π(ρ32 − ρ31)/3

4πρ21
=
ρ32 − ρ31

3ρ21
. (6)

The value 1/q can be also considered as the adsorption capacity of the MR [9].
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2.2 Boundary Conditions

Fluxes of the substrate and the product through the stagnant external diffusion shell is
assumed to be equal to the corresponding fluxes entering the surface of the microreactor
t > 0,

DS,m
∂Sm
∂ρ

∣∣∣
ρ=ρ0

= DS,d
∂Sd
∂ρ

∣∣∣
ρ=ρ0

, (7a)

DP,m
∂Pm
∂ρ

∣∣∣
ρ=ρ0

= DP,d
∂Pd
∂ρ

∣∣∣
ρ=ρ0

. (7b)

The formal partition coefficient φ is used to describe the specificity in concentration
distribution of the compounds between two neighboring regions [20, 41] t > 0,

Sm(ρ0) = φSd(ρ0), Pm(ρ0) = φPd(ρ0). (8)

Due to the symmetry of the microreactor, the zero-flux boundary conditions are de-
fined for the center of the microreactor (ρ = 0, t > 0),

DS,m
∂Sm
∂ρ

∣∣∣
ρ=0

= 0, DP,m
∂Pm
∂ρ

∣∣∣
ρ=0

= 0. (9)

2.3 Initial Conditions

Modeling batch type stirred tank reactors authors experiment planning vary a lot. The fi-
nal case of experiment is clear reactions reach quazi-steady-state substrate concentration
approach to zero and transient effectiveness factor approach to limiting values [11]. How-
ever, the time until the quazi-steady-state is reached, or amount of product is produced
in fixed time vary a lot. The initial conditions in the bulk:

Sm(ρ, 0) = 0, Pm(ρ, 0) = 0, 0 < ρ < ρ0 (10)

Sb(ρ1) = S0, Pb(ρ) = 0, (11)

which equivalence that no product appear in solution, there is no substrate in MR
and the substrate concentration equal to initial concentration. Different initial conditions
is respect to Nernst layer. First initial condition:

Sd(ρ, 0) = 0, ρ0 < ρ < ρ1 (IC1)

which equivalent to case when microreactors are injected in substrate, or substrate is
filled on microreactors which are in neutral solution. The reaction starts, when solution
difund to MR.
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Second initial condition:

Sd(ρ, 0) = S0, ρ0 < ρ < ρ1, (IC2)

which equivalent to case when microreactors in placed in MR, or substrate is pour on
microreactors. In such case reaction starts immediately.

2.4 Microbioreactor Characteristics

The transient effectiveness factor η can be calculated [6, 43],

η(t) =
3(KM + Sb(t))

Sb(t) ρ
3
0

∫ ρ0

0

Sm(γ, t)

KM + Sm(γ, t)
γ2 dγ. (12)

Depending on the batch system configuration, the overall transient effectiveness fac-
tor can be equal, larger or smaller than the steady state effectiveness factor [12]. Analyti-
cal expressions of the steady state transient effectiveness factor (ηss) effectiveness factors
for the corresponding CSTR system have been recently derived [6],

ηss =
3βφ(σ cothσ − 1)

σ2(β + φ(σ cothσ − 1))
. (13)

The expression (13) were derived for CSTR acting at low concentrations of the sub-
strate when the Michaelis-Menten kinetics approaches the first-order kinetics. Since in
BSTR, the substrate concentration in the bulk continuously decreases over time, these
expressions of the steady state effectiveness factors are applicable also to BSTR indepen-
dently from the initial concentration of the substrate [9, 11, 31].

The process duration is also among the most important characteristics of biotech-
nological processes [27]. A minimization of time-cost is often sought by designers of
biotechnological processes [40]. The batch time required to achieve a certain conversion
of the reactants is usually assumed as the main characteristic of the process duration [20].
The time t0.5 and the corresponding dimensionless time T0.5 required to convert a half of
the initial amount of the substrate were used to investigate the process duration,

t0.5 = {t : Sb(t) = 0.5S0},

T0.5 = {T : S̃b(T ) = 0.5S̃0}. (14)

The performance of the catalytic reactors is usually analysed in terms of the diffusion
module, Biot number and inverse absorption capacity [2, 35].

3 Dimensionless model

In order to define the main governing parameters of the two compartment
model (3)-(IC2), the dimensional variable ρ and unknown concentrations
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Sm(ρ, t), Pm(ρ, t), Sd(ρ, t), Pd(ρ, t) are replaced with the following dimensionless
parameters:

ρ̃ =
ρ

ρ0
, S̃m =

Sm
KM

, T =
DS,mt

ρ20
, θ =

q

ρ0

P̃m =
Pm
KM

, S̃d =
Sd
KM

, P̃d =
Pd
KM

,

D̃P,m =
DP,m

DS,m
, D̃S,d =

DS,d

DS,m
, D̃P,d =

DP,d

DS,m
,

(15)

where ρ̃ is the dimensionless distance from the microreactor center and
S̃m(ρ̃, T ), P̃m(ρ̃, T ), S̃d(ρ̃, T ), P̃d(ρ̃, T ) are the dimensionless concentrations. Hav-
ing defined dimensionless variables and unknowns, the following dimensionless
parameters characterize the domain geometry and the substrate concentration in the
bulk:

ν̃1 =
ν

ρ0
, S̃0 =

S0
KM

, (16)

where ν̃1 is the dimensionless thickness of the Nernst diffusion layer, ν̃2 = ρ̃2 − ρ̃2 is the
dimensionless thickness of bulk, S̃0 is the dimensionless substrate concentration in the
bulk solution. The dimensionless thickness of the microreactor equals one.

The governing equations (3) in the dimensionless coordinates are expressed as fol-
lows (0 < ρ̃ < 1):

∂S̃m
∂T

=
1

ρ̃2
∂

∂ρ̃

(
ρ̃2
∂S̃m
∂ρ̃

)
− σ2 S̃m

1 + S̃m
, (17a)

∂P̃m
∂T

= D̃P,m
1

ρ̃2
∂

∂ρ̃

(
ρ̃2
∂P̃m
∂ρ̃

)
+ σ2

S̃m

1 + S̃m
, (17b)

where σ is the Thiele modulus or the Damköhler number [24, 38, 42] defined as:

σ2 =
Vmaxρ

2
0

KMDS,m
. (18)

The governing equations (4) take the following form (1 < ρ̃ < 1 + ν̃):

∂S̃d
∂T

= D̃S,d
1

ρ̃2
∂

∂ρ̃

(
ρ̃2
∂S̃d
∂ρ̃

)
, (19a)

∂S̃d
∂T

= D̃P,d
1

ρ̃2
∂

∂ρ̃

(
ρ̃2
∂P̃d
∂ρ̃

)
. (19b)
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The matching conditions (7)-(IC2) become T > 0:

∂S̃m
∂ρ̃

∣∣∣
ρ̃=1

= D̃S,d
∂S̃d
∂r̃

∣∣∣
ρ̃=1

(20a)

∂P̃m
∂ρ̃

∣∣∣
ρ̃=1

= D̃P,d
∂P̃d
∂ρ̃

∣∣∣
ρ̃=1

. (20b)

S̃m(1) = φS̃d(1), P̃m(1) = φP̃d(1). (21)

∂S̃m
∂ρ̃

∣∣∣
ρ̃=0

= 0,
∂P̃m
∂ρ̃

∣∣∣
ρ̃=0

= 0, (22a)

S̃d(ρ̃, 0) = 0, ρ̃0 < ρ̃ < ρ̃1 (IC1D)

S̃d(ρ̃, 0) = S̃0, ρ̃0 < ρ̃ < ρ̃1 (IC2D)

The dimensionless factor σ2 essentially compares the rate of enzyme reaction
(Vmax/KM ) with the diffusion through the enzyme-loaded microreactor (DS,m/ρ

2
0). If

σ2 � 1, the enzyme kinetics controls the bioreactor action. The action is under diffu-
sion control when σ2 � 1.

The Biot number β is another dimensionless parameter widely used to indicate the
internal mass transfer resistance to the external one [3, 18],

β =
DS,dρ0

DS,m(ρ1 − ρ0)
. (23)

When the Biot number is small, the effect of the external diffusion is the most marked.
As the Biot number increases the effect of the external diffusion becomes less important.
Typically, designers seek for bioreactors acting in the reaction-limited regime, since in this
case reaction and diffusion occur on different time scales [23].

4 Numerical simulation of experiments

The nonlinear boundary value problem (3)-(11) was solved numerically, using the finite
difference technique [22]. In the space direction ρ, the radius [0, ρ0] of the microreactor
as well as the segment [ρ0, ρ1] corresponding to the diffusion shell were divided into the
same number N of subintervals. A uniform discrete grid was also introduced in the time
direction t. An explicit finite difference scheme has been built as a result of the difference
approximation [13]. N = 120 was constant in all the simulations, while the time step
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Figure 2: The dynamics of concentrations profiles Sm, Sd, Sb and transient effectiveness
factor η(t) with initial conditions (IC1).
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Figure 3: The dynamics of concentrations profiles Sm, Sd, Sb and transient effectiveness
factor η(t) with initial conditions (IC2).

size was recalculated for each simulation to make the difference scheme stable [13]. The
simulator has been programmed by the authors in the C++ programming language [22].
The numerical solution of the problem (3)-(IC2) was validated by using known numer-
ical solutions obtained for similar BSTR systems where the enzyme kinetics approaches
the first-order kinetics and the external diffusion resistance is ignored [9, 10]. The solu-
tion was also compared with the exact analytical and approximate numerical solutions
obtained for the corresponding CSTR system [6]. In all the numerical experiments, the
following typical values of the model parameters were kept constant [19, 26]:
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Figure 4: The dynamics of concentrations profiles Sb(t), S̄m(t), P̄m(t) and transient effec-
tiveness factor η(t) for different initial conditions (IC1) and (IC2). The other parameters
defined as in (24).

Dd = 600µm2/s, Dm = 200µm2/s,

KM = 100µM, r0 = 250µm, φ = 0.6

Vmax = 1µM/s, ρ1 = 310µm, ρ2 = 430µm (24)

Figs. 2-3 shows the dynamics of the substrate concentration for the diffusion shell
thickness ν1 of 60µm , the convective shell thickness ν2 of 120µm and initial concentra-
tion S0 = KM = 100µM at different inital conditions (IC1) and (IC2), respectively. The
dimensional parameters correspond to moderate values of the dimensionless parameters
as follows: the diffusion module σ ≈ 1.77, the Biot number β = 15.5, the ratio α = 3, the
inverse adsorption capacity θ ≈ 0.7 and the initial concentration S0 = 1.

The kinetics of the substrate and product concentration in microreactor (Fig. 4) shows
that the microbioreactor action finally approaches the steady state at zero substrate con-
centration in both, MR and bulk. As one can see in Fig. 4, the steady state transient
effectiveness factors fit well with the effectiveness factor values calculated by formula
(13): ηss = 0.487.

The transient effectiveness factor reach maximums after approximately before the
time when the average substrate concentration in the MR (S̄m) reaches its maximum (t ≈
100 s).

After this time elapsed, the microbioreactor system approaches a pseudo-equilibrium
state, where both substrate concentrations, in bulk and averaged in the MR, do change
but their relationship becomes constant [9].

It’s worth to mention that product concentration reaches equilibrium state at different
values. It’s happens due different experiment planning. In condition IC1 the total amount
is substrate is proportional to 4/3πρ3 − 4/3πρ31, in case of IC2 the amount of substrate is
proportional to 4/3πρ3−4/3πρ30. So the final amount of product produced is proportional.

MII-DS-09P-18-16 12



In order to investigate the different configurations of initial experiment, (17)-(22) was
numerically simulated for different values of the dimensionless model parameters.

̃S0

10−2
10−1

100
101

102

σ

10−1

100

101

102

T 0
.5

100
101
102
103
104

Figure 5: The dimensionless time T0.5 vs. the diffusion module σ changing the initial
concentration S̃0 at the ratio θ = 1, β = 10 and init. condition (IC1).
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100

101

102

T 0
.5

100
101
102
103
104
105

Figure 6: The dimensionless time T0.5 vs. the diffusion module σ changing the initial
concentration S̃0 at the ratio θ = 1, β = 10 and init. condition (IC2).

4.1 Impact on process duration

To determine the influence of the diffusion limitations and the initial substrate concentra-
tion to the process duration, the MR action was simulated and the dimensionless holding
time T0.5 was calculated by changing values of the diffusion module σ, the Biot number
β, the inverse absorption capacity θ and the dimensionless substrate concentration S̃0.

Figs. 5-6 shows the time T0.5 versus the dimensionless concentration S̃0 and diffusion
module σ at a mean value of the Biot number, β = 10. One can see in Figs. 5-6 a nonlinear
increase in the time T0.5 with increasing the substrate concentration S̃0. The time T0.5 is
particularly high at low values of the diffusion module σ, i.e. when the enzyme kinetics
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controls the MR action. So, the increasing MR effectiveness by the decreasing internal
diffusion limitation (decreasing σ) as well as by decreasing the substrate concentration is
restricted when a short processing time is of crucial importance. The time difference at
S̃0 = 100, σ = 0.1 is T0.5,IC1 − T0.5,IC2 = 20000− 90000 = −70000.

Figs. 7-8 shows calculated values of the time T0.5 versus S̃0 and β. As one can see in
Fig. 7-8, the time T0.5 increases with decreasing both, the initial concentration S̃0 and the
Biot number β. The time difference at S̃0 = 100, β = 100 is T0.5,IC1−T0.5,IC2 = 225−912 =

−687.
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100
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102

β

100
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T 0
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Figure 7: The dynamics of concentrations profiles Sb(t) and transient effectiveness factor
ηo(t) for different initial conditions (IC1) and (IC2). (24).
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Figure 8: The dynamics of concentrations profiles Sb(t) and transient effectiveness factor
ηo(t) for different initial conditions (IC1) and (IC2). (24).

Figs. 9-10 shows calculated values of the time T0.5 versus S̃0 and θ. One can see in
Figs. 9 - 10 a nonlinear increase in the time T0.5 with increasing the inverse absorption
capacity θ. The time T0.5 is particularly high at low values of the inverse absorption ca-
pacity θ, i.e. when the microreactors are relatively small in comparison with bulk volume.
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The break point is appear in using (IC1) condition, on changing inverse absorption capac-
ity. The break point is around value θ ≈ 0.7 is related with process duration definition
of half time T0.5. In case (IC1) reaction in MR is not start until substrate difund to MR,
since there is no substrate in Nernst layer. In this case half concentration is reached in Sb
due fast difund to Nersnt layer see figure 2. The time difference at S̃0 = 100, θ = 10 is
T0.5,IC1 − T0.5,IC2 = 5530− 6932 = −1402.

So, the decreasing the substrate concentration as well as increasing the number of
particles (decreasing bulk volume) is restricted when a short processing time is of crucial
importance.
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Figure 9: The dynamics of concentrations profiles Sb(t) and transient effectiveness factor
ηo(t) for different initial conditions (IC1) and (IC2). (24).
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Figure 10: The dynamics of concentrations profiles Sb(t) and transient effectiveness factor
ηo(t) for different initial conditions (IC1) and (IC2). (24).
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5 Conculsions

The numerical simulation of different microreactors injections into batch stirred tank re-
actor was investigated. The two-compartment mathematical model 3-(IC1) and the cor-
responding dimensionless model (17)-(22) of a porous spherical microbioreactor acting in
the batch flow can be successfully used to investigate the dependence of the internal and
external diffusion limitations on the bioreactor process duration, as well as to optimize
the MR configuration (Fig. 4).

The simulation showed significant time differences between microreactors injection
vs. placing modes, in respect, the time is needed to achieve fixed amount of product
quantity or substrate used until half-time Figs. (5-10).

Decreasing the MR substrate consumption time by increasing the internal diffusion
limitation (increasing σ) as well as by decreasing the substrate concentration (S0) and
decreasing bulk volume (decreasing θ) is necessary when a short processing time is of
crucial importance (Figs. 5-10).

These scientific modelling results will help to create microreactors more efficiently at
the design stage.
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